We derive the subleading contributions to the two-pion-one-pion exchange and ring three-nucleon force topologies emerging at next-to-next-to-next-to-next-to-leading order in chiral effective field theory. The resulting expressions do not involve any unknown parameters. To study convergence of the chiral expansion we work out the most general operator structure of a local isospin-invariant three-nucleon force. Using the resulting operator basis with 22 independent structures, we compare the strength of the corresponding potentials in configuration space for individual topologies at various orders in the chiral expansion. As expected, the subleading contributions from the two-pionone-pion-exchange and ring diagrams are large which can be understood in terms of intermediate excitation of the ∆(1232) isobar.
I. INTRODUCTION
Three-nucleon forces (3NF) are presently subject to intense research, see Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] for a selection of recent few-and many-body calculations along these lines and Refs. [11, 12] for review articles. On the one hand, rapidly increasing computational resources coupled with sophisticated few-and many-body methods allow nowadays for reliable and accurate nuclear structure calculations for light and even medium-mass nuclei. One can, therefore, relate the properties of the nuclear Hamiltonian to observables in a reliable way and without invoking any uncontrollable approximations. On the other hand, considerable progress has also been reached towards quantitative description of nuclear forces using the framework of chiral effective field theory (EFT), see recent review articles [12] [13] [14] [15] and references therein. In particular, nucleon-nucleon (NN) potentials at next-to-next-to-next-to-leading order (N 3 LO) in the chiral expansion were developed [16, 17] , which allow for an accurate description of NN scattering data up to laboratory energies of the order of E lab ∼ 200 MeV. For heavier systems, the accuracy of theoretical predictions is currently limited by the 3NFs for which only the dominant contributions at next-to-next-to-leading order (N 2 LO) in the chiral expansion of the nuclear Hamiltonian have so far been employed in few-and many-body calculations.
The chiral expansion of the 3NF at one-loop level, i.e. up to next-to-next-to-next-to-next-to-leading order (N 4 LO), can be described in terms of six topologies depicted in Fig. 1 . The first nonvanishing contributions to the 3NF emerge at N 2 LO from tree-level diagrams corresponding to the 2π-exchange, one-pion-exchange-contact and purely contact graphs (a), (d) and (f), respectively [18, 19] . The shorter-range terms emerging from diagrams (d) and (f) depend on one unknown low-energy constant (LEC) each which can be determined from suitable few-nucleon observables, see e.g. [4, 5, 19, 20] . The long-range contribution (a) is, on the other hand, parameter-free since the LECs c 1 , c 3 and c 4 accompanying the subleading ππN N vertices can be extracted from pion-nucleon scattering, see [21] [22] [23] [24] for heavy-baryon results, Refs. [25, 26] for some more recent calculations using manifestly covariant formulations of chiral perturbation theory as well as Refs. [27] for an attempt to determine these LECs from proton-proton and neutronproton partial wave analyses. The resulting 3NF at N 2 LO has been intensively explored in three-and four-nucleon scattering calculations, see [11] and references therein. One finds a good description of low-energy nucleon-deuteron scattering observables except for the well-known, long-standing puzzles such as the vector analyzing power in elastic nucleon-deuteron scattering (the so-called A y -puzzle) and the cross section in the space-star breakup configuration, see Ref. [11] for more details. Promising results for low-energy four-nucleon scattering observables based on the chiral 3NF, especially in connection with the A y -puzzle, are reported in Ref. [3] . While nucleon-deuteron scattering data at higher energies are also well described, the theoretical uncertainty increases rapidly reflecting similar pattern in the two-nucleon sector at this order in the chiral expansion. Promising results based on chiral nuclear forces were also obtained in nuclear structure calculations showing, in particular, sensitivity to the individual terms of the N 2 LO 3NF, see [11] and references therein. All these findings clearly underline the need to include corrections to the 3NF beyond the leading terms at N 2 LO.
The first corrections to the 3NF emerge at N 3 LO from all possible one-loop diagrams of type (a)-(e) involving solely the lowest-order vertices from the effective chiral Lagrangian. The resulting parameter-free expressions for the longrange and intermediate-range contributions of types (a), and (b), (c), respectively, can be found in Ref. [28] , see also [29] where the leading one-loop corrections to the longest-range two-pion exchange terms of type (a) are calculated within the infrared-regularized version of chiral perturbation theory. N 3 LO contributions to shorter-range diagrams of types (d) and (e) as well as the leading relativistic corrections are given in Ref. [30] , see also [31] for a related work. Notice that these shorter-range terms are driven by the leading four-nucleon contact operators which also contribute to nucleon-nucleon S-wave scattering. Thus, they do not involve any unknown LECs. Finally, there are no corrections to the purely short-range topology of type (f) at this order. An interesting feature of the N 3 LO 3NF corrections is their rather rich isospin-spin-momentum structure emerging primarily from the ring topology (c) in Fig. 1 . This is in contrast with the quite restricted operator structure of the N 2 LO 3NF. The impact of these novel 3NF terms on nucleon-deuteron scattering and nuclear structure observables is unknown which makes the complete N 3 LO calculations even more urgent, especially in connection with the already mentioned unsolved puzzles. Numerical implementation of the new terms in the 3NF at N 3 LO requires their partial wave decomposition which is a nontrivial task. In Ref. [32] , a novel method to perform partial-wave decomposition of any type of the 3NF by carrying out five-dimensional angular integrations numerically was introduced. This approach is quite general in the sense that it can be applied to any type of 3NF but requires substantial computational resources. The partial wave decomposition of the N 3 LO 3NF using this new technique is in progress, see Ref. [33] for some first (but still incomplete) results.
Meanwhile, one may ask whether the derived expressions for the 3NF at subleading order in the chiral expansion are already converged or, at least, provide a reasonable approximation to the converged result. This applies especially to new operator structures emerging from the genuine loop topologies (b) and (c), whose chiral expansion starts at N 3 LO rather than N 2 LO. At this order, the resulting contributions still miss physics associated with intermediate ∆(1232) excitations. In the standard chiral EFT formulation based on pions and nucleons as the only explicit degrees of freedom, all effects of the ∆ (and heavier resonances as well as heavy mesons) are hidden in the (renormalized) values of certain LECs starting from the subleading effective Lagrangian. The major part of the ∆ contributions to the nuclear forces is known to be well represented in terms of resonance saturation of the LECs c 2,3,4 accompanying the subleading ππN N vertices [21, [34] [35] [36] (see, however, the last two references for examples of the ∆-contributions that go beyond the saturation of c 2,3,4 ). The values of these LECs are known to be largely driven by the ∆ and appear to be large in magnitude. As a consequence, one observes a rather unnatural convergence pattern in the chiral expansion of the two-pion exchange nucleon-nucleon potential V 2π N N with by far the strongest contribution emerging from the formally subleading triangle diagram proportional to c 3 [37] . The (formally) leading contribution to V 2π N N does not provide a good approximation to the potential so that one needs to go to higher orders in the chiral expansion and/or include the ∆-isobar as an explicit degree of freedom. One expects similar convergence pattern for the chiral expansion of the 2π-1π exchange and ring 3NF topologies, see also the discussion in Ref. [38] . For the ring topology, this expectation is in line with the phenomenological study of Ref. [39] . All this suggests that one should not truncate the chiral expansion of the 3NF at N 3 LO but rather go to (at least) N 4 LO in the standard ∆-less EFT approach and/or include the ∆-isobar as an explicit degree of freedom. In the latter case, first contributions of the ∆ to the 2π-1π exchange and ring 3NF topologies would appear already at N 3 LO. It should be understood that the strategies outlined above are, to some extent, complementary to each other. This is because N 4 LO 3NF corrections in the ∆-less theory only take into account (some) effects due to single ∆-excitation but not due to double and triple ∆-excitations which appear first at N 5 LO and N 6 LO, respectively. While these effects are included at N 3 LO in the ∆-full approach, N 4 LO contributions not related to ∆-excitations are certainly not. We further emphasize that in both cases a number of unknown LECs will appear. It remains to be seen which strategy will turn out to be most efficient in practical terms.
In our recent work [40] we already made a first step in this direction and worked out N 4 LO corrections to the longestrange 2π-exchange topology in the delta-less approach. Apart from relativistic corrections (which in our power counting scheme appear at N 3 LO but turn out to vanish at N 4 LO), the general form of the 2π-exchange 3NF can be parametrized in terms of two scalar functions A(q 2 ) and B(q 2 ) which depend on the momentum transfer q 2 ≡ | q 2 | of, say, the second nucleon. In spite of this simple structure, this topology turns out to be most challenging to calculate. The pion-nucleon scattering amplitude enters here at the subleading one-loop order so that the N 4 LO correction depends not only on the pion decay constant F π and the pion-nucleon coupling g πN N but also on 13 independent (linear combinations of the) LECs from higher-order effective Lagrangians:
πN andē 14, 15, 16, 17, 18 from L (4) πN . The explicit form of the heavy-baryon pion-nucleon effective Lagrangians L (n) πN of chiral dimension n needed in the derivation can be found in [40] while the complete pion-nucleon Lagrangian L (4) πN is constructed in Ref. [41] . In order to determine these LECs we re-analyzed pion-nucleon scattering at subleading one-loop order employing exactly the same power counting scheme as in the derivation of the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine all relevant LECs. With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good (reasonable) convergence of the chiral expansion for the functions A(q 2 ) (B(q 2 )). This is to be expected given that effects of the ∆-isobar are, to a large extent, accounted for already in the leading contribution to A(q 2 ) and B(q 2 ) at N 2 LO through resonance saturation of the LECs c 3,4 . As pointed out above, this situation is different for the 2π-1π exchange and ring 3NF topologies, whose leading contributions at N 3 LO completely miss effects of the ∆-isobar which lets one expect large N 4 LO corrections.
In the present work we calculate the intermediate-range contributions to the 3NF at N 4 LO, namely the ones corresponding to diagrams (b) and (c) in Fig. 1 , and analyze in detail convergence of the chiral expansion for long-range tail of the 3NF by comparing the coordinate-space potentials associated with individual isospin-spin-position structures. In order to carry out such a comparison in a meaningful way, we worked out the most general structure of a local isospin-invariant 3NF both in momentum and configuration spaces and defined the minimal sets of linearly independent operators. Our paper is organized as follows. In section II we carry out Fourier transformation of the momentum-space expressions for the 2π-exchange 3NF of Ref. [40] . Sections III and IV are devoted to the calculation of the N 4 LO corrections to the 2π-1π-exchange and ring topologies, respectively. For 2π-1π-exchange contributions we provide results both in momentum and coordinate spaces. For the ring topology we give compact expressions in coordinate space while the rather lengthy expressions in momentum space are delegated to appendix A. The most general operator structure of a local 3NF is worked out in section V where we also define the basis of 22 isospin-spinmomentum operators. We use corresponding coordinate-space version of this basis when discussing numerical results for various potentials in section VI in connection with convergence of the chiral expansion. The findings of our work are briefly summarized in section VII.
II. TWO-PION-EXCHANGE 3NF IN CONFIGURATION SPACE
The 2π-exchange topology (a) generates the longest-range contribution to the 3NF. In the isospin and static limits, i.e. the limit of infinitely heavy nucleons, its general structure in momentum space has the following form (modulo terms of a shorter range corresponding to other topologies):
where M π stays for the pion mass, σ i denote the Pauli spin matrices for the nucleon i and q i = p i ′ − p i , with p i ′ and p i being the final and initial momenta of the nucleon i. Here and in what follows, we use the notation: q i ≡ | q i |. Notice that the momentum transfers are not independent and related to each other via the condition q 1 + q 2 + q 3 = 0. The quantities A(q 2 ) and B(q 2 ) in Eq. (2.1) are scalar functions of the momentum transfer q 2 of the second nucleon whose explicit form is determined by means of the chiral expansion, i.e. the expansion in powers of the soft scale Q ∼ M π . Unless stated otherwise, the expressions for the 3NF results are always given for a particular choice of the nucleon labels. The complete result can then be found by taking into account all possible permutations of the nucleons
The explicit expressions for the functions A(q 2 ) and B(q 2 ) at first three nonvanishing orders in the chiral expansion, i. [40] . The functions A(q 2 ) and B(q 2 ) resulting at different orders in the chiral expansion are plotted versus the values of q 2 in Fig. 5 of that work. While in the case of the 2π-exchange topology it is possible to address the convergence of the chiral expansion in momentum space thanks to the particularly simple parametrization in Eq. (2.1), this is generally not possible for the more complicated cases of the 2π-1π exchange and ring diagrams. This is because there is, in general, no easy way to separate the truly long-range components, which are unambiguously predicted in terms of the chiral expansion, from scheme-dependent short-range contributions. Such a separation is naturally achieved by looking at the corresponding coordinate-space potentials at sufficiently large distances. It is, therefore, advantageous and, in fact, also quite natural to switch to coordinate space in order to study the convergence of the chiral expansion for nuclear forces.
We define the coordinate space representation of a static 3NF by means of the Fourier-transform
For the two-pion-exchange contribution, we obtain from Eq. (2.1)
where r ij = r i − r j denotes the distance between the nucleons i and j. The differential operators ∇ ij are defined in terms of dimensionless variables x ij = r ij M π ; the functionsÃ andB are given bỹ
The N 2 LO expressions for A and B corresponding to A (3) (q 2 ) and B (3) (q 2 ) from Eq. (3.5) of Ref. [40] are given bỹ 6) where g A denotes the nucleon axial vector coupling and the Yukawa function U 1 is defined as
Here and in what follows, the superscripts of A, B,Ã,B as well as other functions parametrizing 3NF matrix elements refer to the chiral dimension, i.e. to the associated power of the soft scale Q.
The first corrections toÃ andB emerge from Fourier-transforming the expressions A (4) (q 2 ) and B (4) (q 2 ) given in Eq. (3.4) of Ref. [40] . We obtaiñ
The profile function W 1 is given in terms of the Fourier-transform of the loop function A(q) appearing in A (4) (q 2 ) and B (4) (q 2 ):
To give the coordinate space expressions for N 4 LO contributions we need to Fourier-transform another loop function, namely 10) which enters the expressions for A (5) (q 2 ) and B (5) (q 2 ) in Eq. (3.14) of Ref. [40] . This can be most easily achieved by using the spectral representation of L given by
The Fourier-transform of the square-integrable part of L is given by
With these preparations, we obtain the following result for the Fourier-transform of A (5) (q 2 ) and B (5) (q 2 ):
It remains to emphasize that while the momentum space representation of the functions A and B depends on just one variable q 2 , the coordinate-space functionsÃ andB depend on three scalar arguments. We will discuss the convergence of the chiral expansion for the coordinate space potentials in section VI.
III. TWO-PION-ONE-PION EXCHANGE 3NF AT N 4 LO
We now turn to the 2π-1π exchange topology. In contrast to the longest-range 2π exchange topology discussed in the previous section, its chiral expansion starts at N 3 LO. At this order, one has to evaluate all one-loop diagrams made out of the lowest-order pion-nucleon vertices. This was achieved in Ref. [28] , see Eqs. (2.16)-(2.23) of that work. As pointed out in Ref. [40] , the decomposition of momentum-space 3NF expressions according to the type of the topology is not unique as e.g. some parts of the 2π exchange contributions can be reshuffled into 2π-1π exchange and shorter-range terms by canceling pion propagators with the corresponding expressions in the numerator. In Ref. [40] we introduced a "minimal" parametrization of the 2π exchange 3NF which corresponds to Eq. (2.1) and which is adopted here and in what follows.
The structure of two-pion-one-pion exchange contributions up to N 4 LO in the chiral expansion has the form
where F 1...12 (q 1 ) are scalar functions to be calculated. Notice that we use a slightly different notation compared to our early paper [28] , which is now also valid at N 4 LO. First non-vanishing contributions to the structure functions F i are generated at N 3 LO by diagrams shown in Fig. 3 of that work. Adjusting the expressions obtained in Ref.
[28] to our new notation and taking into account terms induced by reshuffling the 2π exchange contributions as explained above we obtain the following results for the functions F i (q 1 ):
Notice that we give here only non-polynomial parts as the polynomial ones simply lead to shifts of the low-energy constants D and E from N 2 LO three-body force.
First corrections to these results emerge at N 4 LO from diagrams shown in Fig. 2 , which involve a single insertion of c i -vertices from the subleading pion-nucleon Lagrangian. Evaluating the irreducible contributions of these diagrams following the lines of Refs. [28, 30] and keeping only terms non-polynomial in q 1 we obtain the following expressions:
FIG. 2: Two-pion-one-pion exchange 3N diagrams at N 4 LO. Solid dots and filled circles denote the leading and subleading pion-nucleon vertices, respectively. Graphs resulting from the interchange of the nucleon lines and/or applying time reversal operation are not shown. For remaining notation see Fig. 1 .
It is straightforward to transform these results into coordinate space. The general structure corresponding to the momentum-space expression in Eq. (3.14) has the form:
In order to calculate the functions F i it is convenient to employ the spectral representations of the function L(q), see Eq. (2.11), and A(q) given by
Following Ref. [28] , we define the profile function W 3 (x) via
where
Fourier transform of terms in Eq. (3.16) involving the function L(q) can be expressed using the profile functions V 1 (x) from Eq. (2.12) and V 2 (x) which is defined according to
With these definitions, the N 3 LO contributions to theF i -functions are given bỹ
6 (x 12 ) =F
10 (x 12 ) =F
12 (x 12 ) = 0, 22) while for the N 4 LO contributions we obtain the following results:
12 (
Finally, we consider the ring topology. The leading contributions emerge at N 3 LO from diagrams shown in Fig. 4 of Ref. [28] . As explained in that paper, only diagrams proportional to g 6 A and g 4 A generate nonvanishing 3NFs:
(4.24)
Evaluating the corresponding loop integrals in momentum space we obtained complicated expressions involving threepoint function which are given explicitly in appendix of Ref. [28] . 2 The results in coordinate space are much more compact and have the form: 26) where the derivatives should be evaluated as if the variables x 12 , x 23 and x 31 were independent 3 and the numerator v in the first line is given by
At N 4 LO, one only needs to evaluate the contributions of the four diagrams shown in Fig. 3 ,
2 We emphasize that several symmetry factors are missing in Eq. (A1) of that work. The corrected equation has the form: We were again able to obtain fairly compact expressions in coordinate space, which, however, involve now a single scalar integral over the mass of the exchanged particles:
The expressions in momentum space are rather lengthy and can be found in appendix A.
V. GENERAL OPERATOR STRUCTURE OF A LOCAL THREE-NUCLEON FORCE
As already emphazized in the introduction, having derived explicit expressions for the long-range part of the 3NF at the three first orders in the chiral expansion, it is interesting to test convergence in coordinate space. One generally expects for the chiral expansion of nuclear potentials to converge at distances of the order of or larger than r ∼ M −1
π . In order to analyze the convergence of the chiral expansion for three-nucleon potentials in a meaningful way, we first need to define a basis in the space of isospin-spin-position or, equivalently, isospin-spin-momentum three-nucleon operators. Thus, we need to work out the most general structure of the three-nucleon force. To the best of our knowledge, this task has not been accomplished yet, see however Ref. [42] , where the most general isospin structure of the 3NF is given.
Given that a general 3NF depends, in the center of mass system, on four independent momenta in addition to the spin and isospin Pauli matrices, its structure is obviously rather rich. Fortunately, even at such a high order in the chiral expansion as N 4 LO, the most complicated part of the three-nucleon force (before antisymmetrization) is still local. For the long-range part, the only non-localities in the power counting scheme we adopt arise from the leading relativistic corrections to the 2π exchange diagrams discussed in Ref. [30] . We, therefore, restrict ourselves here to the most general structure of a local 3NF. We, furthermore, require in the following that the 3NF is invariant under parity, time-reversal and isospin transformations.
Every operator appearing in the 3NF can be written as a linear combination of spin-momentum terms multiplied with isospin structures. We remind the reader that according to the standard convention, the expressions for nuclear forces are to be understood as matrix elements with respect to momenta and operators in the spin and isospin spaces. The building blocks for the spin-momentum structures are 33) where σ i are the Pauli spin matrices of the nucleons while q 1 , q 3 denote the two independent relative momenta.
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These building blocks have to be contracted with the tensors δ ab and ǫ abc to build scalar operators. We have the following symmetry constraints:
• Parity invariance of the force allows only for spin-momentum structures which are invariant under
• Time-reversal invariance implies that only those structures contribute which are invariant under • Isospin conservation requires any structure to be a product of a spin-momentum operator with one of the following isospin-structures:
In addition to the symmetry constraints, we will also employ the Schouten identity
to eliminate redundant structures. A general local three-nucleon force can be written in a form
where O i are spin-momentum-isospin operators and the scalar structure functions F i depend only on absolute values | q 1 |, | q 3 | and on the scalar product q 1 · q 3 . The three-nucleon force V full 3N in Eq. (2.2) is obviously invariant under any permutation P ∈ S 3 , with S 3 denoting the permutation group:
To understand the behavior of the structure functions under permutations of momenta it is necessary to analyze the behavior of the operators O i under permutations. Since the operator set we consider here is complete, the permuted operator P O i is just a linear combination of O j 's:
where D(P ) are some invertible matrices. It is easy to see that the set of matrices D builds a representation of S 3 . Indeed
from which immediately follows
Transformations of the structure functions F i with respect to permutations P of the nucleon labels can now be read off from
from which we obtain the identity
It is advantageous to choose the basis in the space of operators O i such that the representation matrices D are block-diagonal corresponding to irreducible representations of the group S 3 . There are three inequivalent irreducible representations of S 3 :
• The trivial (identity) and antisymmetric (−1) w(P ) representations with w(P ) = ±1 for even/odd permutations are one dimensional.
• The third irreducible representation is two dimensional. The representation matrices can e.g. be chosen as To construct the operators O i for which D(P ) is block-diagonal, we introduce the symmetrizing and antisymmetrizing functions:
It is obvious that P S(O) = S(O) and P A(O) = (−1) w(P ) A(O)
for all P ∈ S 3 such that S(O) and A(O) transform under one-dimensional representations. To construct operators which transform under two-dimensional irreducible representation we introduce the functions
It is easy to verify that the resulting operators G ij (O) indeed transform under two-dimensional irreducible representation:
With all the symmetry constraints introduced above, we found that the most general structure of a local 3NF can be written in terms of 89 operators O 1 , . . . , O 89 , which transform with respect to permutations according to irreducible representations of S 3 . These 89 operators can be generated from a set of 22 independent operators G 1 , . . . , G 22 using the functions S, A and G ij defined above. The explicit form of generating operators G 1 , . . . , G 22 we adopt in this work and their relation to the generated operators O 1 , . . . , O 89 are given in Table I . The complete expression for a local three-nucleon force in our notation can be written in the symmetric form
In this representation, the structure functions F i have simple transformation properties with respect to permutations 6 . An alternative way to express the three-nucleon force is given by
(5.39) 
where we made a change of variable P ′′ = P ′ P in the last line. This equation has the form of Eq. (5.39) with
VI. CHIRAL EXPANSION OF THE LONG-RANGE TAIL OF THE 3NF
With these preparations we are now in the position to address the convergence of the chiral expansion for the longrange tail of the 3NF. It is clear that all arguments of the previous section can also be applied to operators in coordinate space.
Here and in what follows, we use the following basis of 22 operators: Restricting ourselves to this particular configuration allows us to stay with simple one-dimensional plots. We emphasize, however, that the conclusions about the convergence of the chiral expansion for the 3NF drawn in this section apply to this particular configuration. We begin with the longest-range 2π exchange topology. Projecting the coordinate-space expressions given in section II onto the operators in Eq. (6.43) and evaluating the three-dimensional integrals in Eqs. (2.8) and (2.13) numerically we compute the corresponding contributions to the profile functions The results for the functions F i (r) plotted in Fig. 4 resemble the findings of our work [40] , where a good convergence of the chiral expansion in momentum space was observed by looking at the functions A(q 2 ) and B(q 2 ) for low values of the momentum transfer. While there are large corrections at N 4 LO to some of the profile functions and, especially, to F 4 (r) at short distances of the order of r ∼ 1 fm, we observe a very good convergence at long distances of the order of r 2 fm. At such large distances, the N 4 LO results appear to be very close to N 3 LO ones. As already pointed out in the introduction, fast convergence of the longest-range 3NF is not surprising given that effects of the ∆-isobar are, to a large extent, accounted for already in the leading contributions F i (r) to this topology through resonance saturation of the LECs c 3,4 . We further emphasize that the operator structure of the 2π exchange topology is fairly restricted: only 10 out of 22 functions F i (r) get non-vanishing contributions. Notice that the larger number of nonvanishing functions F i in coordinate space compared to momentum space has to be expected due to the appearance of gradients when performing the Fourier transform. In contrast to the momentum space representation, the number of nonvanishing structures in the coordinate space representation of a 3NF is not representative for estimating the number of affected nucleon-deuteron polarization observables at a fixed kinematics.
It is instructive to compare the strength of the three-and two-nucleon potentials. While the long-range three-nucleon potentials are considerably weaker than the two-nucleon potentials, they are still not negligible. For example, the isovector-tensor and isoscalar central nucleon-nucleon potentials governed by one-pion exchange and (subleading) two-pion exchange, respectively, have the strength of the order of 3 . . . 4 MeV at distances r ∼ 2 fm [15] . These are the strongest two-nucleon forces at large distances. The strongest three-nucleon potentials F 15 (r), F 16 (r) and F 17 (r) reach at such distances the strength of ∼ 0.7 . . . 1 MeV. We remind the reader that nuclear potentials become scheme dependent at short distances below r ∼ 1 . . . 1.5 fm, where the contributions of short-range topologies start playing important role. An estimation of this intrinsic scheme dependence for nucleon-nucleon potentials is provided in Fig. 3 of Ref. [15] .
The convergence of the chiral expansion for the two-pion-one-pion exchange and ring topologies is, as expected, much worse, see Figs. 5 and 6. In nearly all cases, the subleading contributions at N 4 LO dominate over the nominally leading ones at N 3 LO even at large distances. This is analogous to the pattern observed for the two-pion exchange two-nucleon potential. In that case, the strong dominance of the subleading terms appears because of several reasons including the large numerical coefficients, an enhancement by one power of π as compared to the standard chiral power counting which is characteristic to the triangle diagrams, see also Ref. [44] , as well as the large numerical values of the LECs c 3,4 from the subleading pion-nucleon effective Lagrangian which are governed by the ∆ isobar. In the case of the 3NF 2π-1π exchange and ring potentials the situation is less dramatic. In particular, the enhancement by a power of π actually affects the leading contributions at N 3 LO which involve the loop function A(q 2 ). Still, the corrections at N 4 LO are large which can presumably be attributed to the large numerical values of the LECs c i . One should, however, emphasize that the potentials generated by the 2π-1π exchange and ring diagrams have a considerably shorter range as compared to the 2π exchange ones and only reach at most ∼ 50 keV at distances of the order of r ∼ 2 fm. It is, therefore, not clear whether the lack of convergence will have any significant phenomenological impact. Clearly, to answer this question one needs to carry out complete calculations of few-and many-nucleon observables. This work is in progress. Last but not least, we emphasize that especially the ring topology generates a very rich structure in the 3NF and gives rise to 20 out of 22 profile functions.
It is also instructive to compare the 3NF potentials corresponding to the individual topologies with each other. Such a comparison is given in Fig. 7 , where we restrict ourselves to N 4 LO, i.e. we only show F
. We observe that the 2π-1π exchange and ring potentials are of a comparable size. However, in all cases where the longestrange 2π exchange topology contribute, it clearly dominates at r 2 fm over the two other topologies. At shorter distances of the order of r ∼ 1 fm the impact of the 2π-1π exchange and ring terms becomes more significant with, e.g. |F 11, 15 (1 fm)| ∼ 20 MeV to be compared with the strongest 2π exchange potentials |F 15, 16, 17 (1 fm)| ∼ 100 MeV. As pointed out before, it is difficult to draw conclusions on the phenomenological importance of the new structures based on this comparison alone since one generally expects that (scheme-dependent) short-range contributions to the 3NF not considered in the present work would become significant at r 1 fm.
Last but not least, Fig. 8 shows the chiral expansion of the complete results for the functions F i (r) emerging from adding the contributions from all three topologies together. The interpretation follows directly from the above discussion. At long distances of the order of r 2 fm dominated by the 2π exchange one observes a good convergence for all cases where the potentials are numerically sizable. On the other hand, those profile functions which are not affected by the 2π exchange are typically dominated by the N 4 LO contributions which might be still not converged at this order in the chiral expansion. The corresponding potentials are, however, rather weak. At shorter distances r ∼ 1 . . . 2 fm, the 2π-1π exchange and ring contributions start becoming more important relative to the 2π exchange terms. One again observes the dominance of the N 4 LO contributions which supports the assumption about the important role played by ∆ excitations, whose effects are partially taken into account at N 4 LO through resonance saturation of the LECs c 2 , c 3 and c 4 .
VII. SUMMARY AND OUTLOOK
In this paper, we have worked out and analyzed in detail the intermediate-range contributions to the three-nucleon force at N 4 LO, which emerge from the 2π-1π exchange and ring topologies. We used here the heavy-baryon formulation of chiral EFT with pions and nucleons being the only explicit degrees of freedom. The pertinent results of our study can be summarized as follows.
• We worked out the coordinate-space representation of the N 4 LO corrections to the 2π exchange 3NF calculated in momentum space in Ref. [40] .
• We derived the N 4 LO contributions to the intermediate-range 2π-1π exchange and ring topologies. These represent the first corrections to the leading results which appear at N 3 LO and have been worked out in Ref. [28] . We provide explicit analytical expressions in both momentum and coordinate spaces. The obtained corrections do not involve any unknown low-energy constants.
• We have demonstrated that the most general structure of an isospin-invariant local three-nucleon force involves 89 independent isospin-spin-momentum operators. We proposed a set of 22 linearly-independent operators which can serve as a basis and gives rise to all 89 structures in the 3NF upon making permutations of nucleon labels. We also discussed the properties of the corresponding scalar structure functions F 1...22 parametrizing the 3NF with respect to permutations.
• Finally, using the above mentioned operator basis, we addressed the convergence of the chiral expansion for the long-range tail of the 3NF in the equilateral triangle configuration with r 12 = r 23 = r 31 = r by comparing our predictions for the potentials F i at different orders in the chiral expansion. Consistently with the momentumspace results of Ref. [40] , we observe a good convergence for the longest-range 2π exchange topology which clearly dominates the 3NF at distances of the order r 2 fm. The intermediate-range 2π-1π exchange and ring diagrams provide sizable corrections to F i at r ∼ 1 fm and also contribute to those 12 profile functions which vanish for the 2π exchange. As expected, we found that N 4 LO corrections to the intermediate-range topologies are numerically large and in most cases dominate over the nominally leading N 3 LO terms. This can be traced back to the role played by the ∆(1232) isobar whose excitations provide an important 3NF mechanism. In the standard, delta-less formulation of chiral EFT we employ here, effects of the ∆ isobar are not incorporated in 
i , F
i , respectively.
The results of our work provide important step towards precise, quantitative theoretical description of the 3NF in the framework of chiral EFT. The long-range part of the 3NF is governed by exchange of pions, the Goldstone bosons of the spontaneously broken chiral symmetry of QCD, and can be rigorously calculated in the framework of chiral EFT. It is expected to affect the energy dependence of the nucleon-deuteron scattering amplitude at low energies and might be responsible for the long-standing puzzles such as e.g. the A y puzzle in elastic three-and four-nucleon scattering [3] . Although the resulting intermediate-range potentials are significantly weaker than the 2π exchange terms, the appearance of new structures might lead to large effects in certain nucleon-deuteron scattering observables. It would be interesting in the future to explore this possibility in a systematic way. Clearly, the N 4 LO corrections to the short-range part of the 3NF should also be worked out. This work is in progress. Notice that subleading contributions to the three-nucleon contact interactions at N 4 LO are discussed in Ref. [45] . Finally, the large N 4 LO corrections for the intermediate-range terms raise an obvious question in regard to whether the chiral expansion for these quantities can be truncated at this order. One should especially keep in mind that while the obtained N 4 LO corrections do include some of the 1/(m ∆ − m N ) contributions through values of the LECs c 2,3,4 and, in this sense, take into account physics associated with intermediate excitation of a single ∆ isobar, double and triple ∆ excitations start contributing only at orders N 5 LO and N 6 LO, respectively. Phenomenological studies of Ref. [39] indicate that at least double ∆ excitations might induce sizable 3NFs. This issue must be investigated in the future. Rather than calculating N 5 LO and N 6 LO corrections to the 3NF in the delta-less formulation of chiral EFT, which correspond to the two-loop level, it is more feasible and probably also more efficient to include the ∆ isobar as an explicit degree of freedom in the effective Lagrangian, see Refs. [35, 36, [46] [47] [48] In this appendix we give the lengthy expressions for subleading contributions to ring diagrams in momentum space. We employ here the general parametrization of local three-body-force:
where G 1 , . . . , G 22 are the spin-isospin-momentum operators which we defined in Table I . The N 4 LO contributions to the structure functions R i (q 1 , q 3 , z) with z =q 1 ·q 3 proportional to g 
